SEC 311 VECTORS IN 2-SPACE, 3-SPACE , ond h-SpACE

G I s Sechon, we il inbrodince some of the basic rcleas abond Vectors
As e \amﬂrmztlwoug’ﬂ *he tert ) e Loill nee dhat Vectars omd Na#'{m‘mcfbvﬂﬁ
velated and that muck of Lingar Algebm 15 concermad Lith that velabionatip

GEOMATRIC VECTERS Engineers onol phipsicists vepresrd veckss in oo dimensions
(adeo calted 2-shace.) v in Hoee dimomsions (also colled a-space) by anews.

Tha clirechion of the avvoshend specifiea the Direction of Hhe vector and Khe Length.
F B anos specifies fha magnibde o B Veckor. Mahemakicians call these
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W
iangle Rude for Veckr Addition. — _\,,7
H-_% w:% W are Vectors M 2-5}»:& ay 3-—5\:&& that Ga(a'iz

ove posikimed 4o the inikial point of T3 15 ak the terminaf point of V., Khon the
w}:%sfw’ = Wea\ by ':e. om'mfmm-ﬂ;z iﬂh‘aﬁ?ﬁhﬁ'a} V 1o Hhe Rerminal

boint of 13- (See- i 6> )

NOTE | In £9.(iD, we Rave comsbructed the auma

VAR and W4V by Jhe Tﬁmﬂ&m&.m} coubuchon
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SUMS OF THREE OR PORE VELTORS .
Vector Addibion sakizhed the Assaciabve VaurJfor Addibion that is |
T+(Va+) :(‘ﬁ-\-v)-t--\:l
A smple vy o coabick Te V4 s o Place Hhe veckrs ‘&b do tail in
Acceshion and Ka chous tae Vector fom Khe. inikial peint of T 4o Hue kerminal bk
o W (Sea Fry©). We‘Bp 15 4id’ methed also worked for four v mave veckors (Sex. 300,
T b Jo il el alao miaes ik evidusk Khat 7, V' avd W are. veskors, in 3-shace
With o Common inikiod peink , thew Tav+Tn is Yhe diagmal of Hhe barelelopibed Hhat s
Hiree. veckrs ay addfacent Aldes (Sea Ciglii)) .

VECToRS IN CO-ORDINATE SysTEMS -
5 a vecr V in 2-shace or 3-spacz is pesikiened with its inital Point ak ﬁgmfain

co-ordinakes of ifs derminal beink (6. ). e call thase coorlinsdes e Compoments of V
veladive koﬁuco—crdimhp,&hn.\,u will uxite V= (VW) tp denste o vector ¥ in
2-shace. with ompanerds (Vi,Vo), and V= (M,v,,\a) 4o duete o vecksr ¥ in Tspace
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yA

<y
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VECTERS WHESE INITLAL PogNT IS NOT AT THE GRIGIN -
¥ TP, clomotes Hhe vecker with nitiad pank P(y;) and keminal point B0wY.), Khan

MW"{'% wc:h:'rooe.%'\wab‘j
_ﬁf’z.:' (XL“XI'B;'B') = mof-ﬁ-ﬂ-
Tt s, R compmouds of B, ave. ablnined by subbicking Khe coordi
ikial boink from Khe co-erelinaten of he derminal peink. o) RO
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= Ph= (32, 5-(1),8-4)
= ($,¢6,-12),
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Definiki afhn‘snkoswm;hkduﬂwqh&duedh-kq S o stguence of n veal
rumbers (v,v, --Vh)mo&cfmﬂ?ardudmbbhmdﬂdwizcgo:dmciﬁ

OPE-RAT.toNs oN V&LTqu IN R

Owrm_xk wve is o ahionia b
Gar {w e cher of  Addition , S&mem&w

Vectors in R" Fhskwc.v:wmolu Ma}uqbam on vectrs in R> wm'a
]wds Ve (V) anod W= (0),0,) , o

Vel = M%) + (Wi wy)

= (v,-;-w, > V,_+w,_) et 1]
KV = (ks kv ) — B
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PEYEY)
= (N')N;_) -+ (-'V“" 1_)

= (WY, W "V ) @

Mokivaked b {omuﬂu@ @, mmpmfolﬂm chffibiion, =—

D"‘f’“"bm’- 5’? = (Vh¥a,* *5 V) and W= (W, W, Nh) we Veclors M R camo) J’ k is
any /aav.ﬁqr then we olefine

V+nW = (M+wW), Vol , - - - > Vg Wiy ) —®
KV = (kv kv, - - -5 kw) —®
=V = by, =y, = =5, =u,) —~
WY = W \AH-("V)'—' (Nr'Vn WeVe, = = o WMy ) —®
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V=032 ol W (02,0) Botn fod Vil 47, 3 and V-2
Selu. We hare

e ]
VW = (1,-3,2) + (4,2,1)

—
—

(ra, 342, 249)

5 = (5,7,3)
V= Q3(-8.2) = (2,28.4)
5
. “—(-U(%z 1) = (~4,-2,-))
ool V—-.\.-A" =3 \H-(-—N)
2 (L=3%,2) + (~4,-2,-1)
= (14, -3-2,241) = Ca-5,))

THEOREM . # U,V od W are veckrs in R“,M ,"--k ad M are Acalars , Shew
) T+V= Vel

() (Bew+W= T+
(i Y+3 = 3+u
(W U+-u) =73
(v k(@+V) = U+ kV
(vi) (\R'HM) u= ka mu
(vih) k(mu) = (km)

(vi) 1R = U

LINEAR COMBLINATIONS

N

N‘SQWCWMR Ko W 1> maicl 40 be a Linear
Cambimacion. o the vectzrs. ViV, -5V, in R ik cande axprosed in the form

-
=kV+ Ve + - - - +kY
M kl)kzl" =

@
ky are scars . TRme acdars ave clfed B wefheiads Jf- Hhe Lineay
combinabon. . P\THGJQT Cane ,Whoe v=), 'Yovmﬁa @ Decomen

W= KV,

12, A linear comdynation afam'mdﬂa vector is Fuak a Amﬂqt»mﬁkﬂz of— thak vector .
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SEC 22 NeRM, DT PRADUCT amd DESTANCE IN R

4 s Sechion , we 1oL e concerned uﬁﬂxmmdfl a;m\oliskmz
as they velah fo vectors. Ue willl fivst disaws these fdeas i R omd R and then
e.x.i:w.d-ﬁ-maﬂae}sm'mﬂl:\tn e

NORM OF A VECTOR | We wnll dencte +4he

& veckor ¥ Jaythe pymbel W1
M\xmdmmwof?,ml_maﬁa v o‘r-\-{u_f“hﬂm'bdﬂ. of V.
=]
Abmaaawied in g‘a('\), 1k fcwp.,asé'-,w,., o
T::T:f' Pylhagorms that e Nom of & vector (v, 1)
)

(.ve)
oA
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IVn = [V @ T
Similadly |, for a vector (Vv vy) in &% it
followzs. foom, FH0D and kv aflications of Hhe
Theorem of Rybugoras that
NI = (o)
= (O'R)L-i' R ?)L
= (O8) +(&R) + (RP)

b 1= p=
= V+Vy+Vs

S 1Y L AV VA Ve

Mokivakzd by 4he paktern of formudas O LB, we make ﬁxz-fofﬁmna definikien, —
Definikion | ¢F V= (%, -, Vn) 1% & veckr in R hes dhe

the Lengfle a}"v’enf mmuﬂk;m,fv)

Norm of V (alao called
s olemoked by IV awal i defined by
IV = [V Vi © oy

W= (2,71,3,-) n B,
Sl

— O
Example : Find 1 novma of e vecter V= €3,2,1) in R and the vector
We_ “Rane.

MIE J =30+ @)+ (DF

= ’31-/-1-1-) = [i4
and | W)

J @ (=0 + (3 (-S)

1

Ja+1+9+25 = [23




TAEOREM 5}_\7 iS a vectsr in Rn awadl TF k is any Acalar , then
iy vl 20
(W) NV =0 iff V=0

(i) VI =Kl WV

UNET VECTORS - A vector of nofm' 1’ is called a Unik Vectsr. We can obtrim a
Lnit Vecter in a deaived clivection by cheosing any non-zevo vecksr V in that divechion
and rudtilling V by the vesreal of its . .

Fuwmb!a,f{-hﬁiscxﬁcbsro{-lm.ah\lih RLwR,-}M:‘?i.V s a Lt Vechoy
M e name divechion aa V.

More geverallsy , if ¥ is any non-ze0 vecloy in R, Hhew _u’zﬁ'ﬁ-‘\f —0

defines @ Dnit Vector in the name divechon aa V.,

TRe. process of mudipliing a vun-zer vector by the veciprecal of ks Lngle

b oblin a wyt vectsy s called mrmaﬂ.izina i
Bxample 1 Fing sthe Unit Veckor B that Ras the name divechon aa V= (2,21,

__S_qu_. The Lenghie of vecr V ix

NN = JL'-‘-)"—!- ()« (=1)*




THE STANDARD UNIT VECTORS ' |Jhey a vectangular co-srdinate apstom is inbrecucesd
i Ror B>, the wnik veclrs in B pesitive divechons of Hhe coodlinale oxes ave callerd
the Shadard Vwik Vectors .
dn R, these wiit vechrs ave ducted by 1 = (1,0) ) =(00])
andl m R3 L t:_(a,o,o), 'g_z(o,l,o), and /%z(o,on)
Everny vecky V’z(v,,v,_) m R" amd Y/’:(v,,vl,v:,_) n Rsc», ke g‘xw asr a [ingr
conbmation. o Abudard Lot veclors by Lomiting )

3 A \
V= (v,va) = v, 0,0 + (1) = Vit+Vvy

®
V= (VbM,va) = v (1,0,0) +V,(@),0) ¥ Va(0,01) = v,'i-‘-vl'jq-v_,,% —®
. LM
Movesver, we mncawapiu there i‘ﬁvnw.'lm o R by ab.}wna Abolard unt vectsrs in K

A A
™ be ¢ =20,00,--0), &=(01,0,--,0), - --, €,=(0.0,0,-,1) —G)
M which cwane , every veddor V= (V,Y, == Vy) in Rhc.n.k.bn.cx.kfwd aA
a A
V= (V],Vz,--a)\/h): V|'a|.-\-v:_az_+ - _._\_\s‘e‘h ” @

Example (Linear Gmbinakiona of Stswdard ik Veclors )
A A A A
(2,-3;") = 21"35 +'4‘l'k P ""&-M .L"‘(')ofo)) d :‘_(O,I,O) { k:(o,o,\)
4 (‘7; 3,-4,5) = 7:%, + z,le\,_-z,éé_*. g'é" . whoe QI =(,0,0,0), 3_3_-_- (e,1,0,0) ,ek.
DISTANCE IN R": 4 P, ard P ave boinks in R or R,), Hhes Hhe ﬂmatk of vecter PP,
is egual 1o B distance d Sehrean Ha pants P avd P, .
mwmm@b P‘(anﬂj);‘t‘o‘ P)_(xl)\jz.> ih Z-Swﬂ- iS
d=NARN = _/("a."lt)z; (Um9)* @
ed  The dushamce hehseei :ﬁu.ta;nb P 6s,2) enel B 004,,2) in 3-space 1S
d=IRBI = [OuX)+ (99, ) + (222, )* &
Mokivated by formulas © 8@ ; we make Hee fellrving definikion —
Definkion . 4 T =(U,ty, <+ U) omal ¥ =(Mo¥as - V) ave boinds in &', Khow 1e
doncte the distomce hebseon U avd V by d(U,V) awd define ik 40 be

d(‘a)v) = H_G"v“ = J(“l‘vi)L+ (Ll;_"vz-)l'\" = w (L\h“'v‘))z- —____—©

Eu@&: Fingl the distance behseen U= (1,3,-2,7) and V= (07,2,2) |
Sdu. TR cishuce Sehreon U amal UV is ,
d@.V) = ﬁ\—ODL-r (3= (~2-2)"% (3-2)*

= i+le+ieras

= |58 .




DOT_PRODUCT : Ouwr next egective is 4o define a waeful vauldbplication. operation.
on vectrs in R ard RS aodl Hhon extend that ehemtion %o R

Definition . 3 % ard V e vonzwo vectors in Roer K, and if 615 the angle
koo T owal ¥ » Hhew Xhu Dot Procdick (abso collied Euclidenn. Tmes Prosck) of
B oowd V is doweted by UV condl i3 defined an

& NG VI &

Since os_esx,ix-folﬁms-fm@m
) # TV >0 ,Hhen & s aak
ft)j}ﬁ.?<o,ﬂ\m91‘sohhuu
Wy H BV =0, hen 9= X .

2
Examble @ find Bue clot brecluct of Hhe Vecors alaon m @y
,_S_ﬂ_JL_“- Gveon Hat _lj\:(o,o,!) ,_\72(0.-2,1_) & B=4s
e lenghls of vechors T 2V ave
DTN = [oso+()* =1 ad NIl = | or()F (@™ =
s , fom formauda @

WY = R WV covts
= (1) (@RRE)wsas’

= 23 x4 =2
ApY




(OMPONENT fORM of THE DOT PREDUCT

.,
Defiabion | ¢4 U= (u,U,,- -, 4n) amd V=(V,V,,- -sW) are vectors in R, Thon

DOt Product (oo called Euclidean Dwer Product ) of W 2V 5 dusled by TV sl 7S
dlefined oy

TV = WV + WV, + - - - W el
N W U= (U u) awd V= (MVe) are vectors in R
o ®
a0l l‘f- U= (MU,Us) and V= (MY, Va) ave vedtons in RSJ
hm UT= v +wy, +Uv, ——B
E‘“”"Eﬁ () Com

pule e clot procct of the veckrs T= (0,0,0) awd V =(0,2,2)
(1) Clodate T for e Jalbroing vechors in R': U= (1,257 ad V=(3,74,1,0)
.._%’ (D MHere U= (0,0,1) V= (o.3:2>

' WY = @@ +@WE)+WE2d = 2

— -ty
UV = WV WV,

L Hoe V= (3,57 ad v=l3-4,1,0)

LWV = EDIE3) + () 4) +(s) (1) +(3) (0)
3-12+S y0 = -4 .

—

ALLEBRATC PROPERTLES OF THe DOT PRODUCT

1]

im-ﬂ\ns.\ndap case Whoe U=V in above Definikion , we oblain
— =

7 kS
Ny V|+V3_+ “-"\'V:

= NV
e, 1V =40V V)
TR gields He formuda fov exprenmy the fogthe of o vecker inema of olak product.
Dok Producks hare many o}mma%emwb'% q,n}vra:lur.k#'mdhum
MEREM . 14 T, T 2 W are vectors in R, §ad i & s a Acshr, Y
ORVRVERRVAT (Symmehy Preberly )
W (Divbibadive Preberty )




&?—ﬁ_\?wﬁ we \ectors M R, aud i k is a sk , then
() 3. = V,8 =0
v (m—v)-\:\ WU+ Vi
M) BV-W) = WV Ui W
v @)W =2 LR-V W
W k@) = Uk

f-_mm}.lt. (oﬂwln.hnﬁ with Dot Products)'- Calulale (U-27), GB+4 V)
Saly.

(G-29). 3u+q V)

—

T, @U+4V) - 2V, GT+4V)

3(u )+ A(u.v) BAAH u) 08(_\'/,\/)
alan = 2(3.9) o -g\1 Vi1

i A




SEC 23 RTHIGONALITY

I Ahis Sechon , e Lill fcr_ws on khe noheon c‘f (}oa]nndmaﬂmla g Pu{awdichnﬂ
vectrs in R play an imparkaunt vele in o woicle variely of applicakions .

ORMOGONAL VECTORS | Recall from the previous Sachion Fhat Hu angle © behoeen
oo non-zero veckys W opd V i Q1 s dafined by the formula

G = coi -.-—-—-a' v
nan W)

W fellaos fom ts Bt o= & HEV= 0. Tha, e make the follasmg Stfinikin

Befiwkion. | Tom nen-z00 vectors T ard ¥ in & ave aaid o e COr

oY
Fetwa«ﬂw l'f.\-}y.\V:O.NeqhoaamM mwdwinﬂh\‘&&waamaﬂb
every veckr in R .

A new-em Aot o nad act i od2 bas
of-cb:b'mk t%]m,;j::gi mR\‘SCnQQeolMOfﬂoao it ol bass

An obhogonal sk of wnit vechors 15 callles] o Ortamarmal ack .
Eﬁ’& (D Shows Hhat _"-*:(-2»3,\.1-') M'\-J'z(\.z,o,n\) are or vectors m R .

() Shos thak M pet S :_5_?,,3,/{1_?! of Aandavel unit vectors s an mw
Aek n R3
_34“_' () e T,V = -2.3,1,4), (1, 2,0,-1)
=€) +(@) @) +0)(0) +(4)(=1)
= =2+6+0-4 =0
() We aer S 281,9,%3 ill e Orthogmal if oll fpaivs of dlistinct veckers
MC}rH«E@MMB )},’d\:/;./\k:a\% o)
A
Newor Lo

= (1,o,0),(0,1,0)
=) +©W+)e) =o
3?_?(: (1,0,0),(0,0,1)
=M +WE)+@AU) = o
A 1k = (000> (00,
=@+ Me)+©edX1) = o
Hoce, dhe ek S ={1,1%% Ovthogomal .

<>
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LINES AND PLANES DETERMINED BY POINTS AND NORMALS .

'\9) \m\’)
Fiqi) ohas the Lime. Haough Hhe \:viwt R0, 9) Hhat Ana 4 4
nomed A = (a,b). !
e Line s vebresesded by vector esp <

1] \7,(
?\- E’P = 0 , vihue P N mb\'hnmj kv;h?' LY) o He Line
2 (A, (x-%,4-9,y= p

D a0-%) +b(u-Y,) = o — O
s 1s ealled the Poind -Nermal e of the Line . Z?Pa 5 (akc)
Shn&nrfﬂ,ﬁe\:cihi—mmmﬁzw-afﬁm}:ﬂnuisamu \/
AM) + b(Y-Y) + c(z-2) 26 —@) f
\ Po("ﬂ-’oazv)
b i e
/
w 7/
&I

élf*_"}’-‘p-‘—: 3 fellazy fom © that i RL,-de_eq;a- 6x-3)xU+F) =0
vepresests mmwm{mﬁ (3,-F) wib vormad W = (6,1) |
avel Lk%'{w@ Hat in Rz', tl-w_esu.p 4-3)+24-S(2-*) =0
vepreserts He plame Moyl A prink (3,0,%) with nemal R = (4,2,-5) .
Whet MM,&LWMMW(D&@CM&MWM omd the

mm.m;wbm%ﬂw_
THEOREM .

() & &b are costants that e nat boH zevo_Hen
M equ. of K fom ax+¥y+c =0 — ®
Tepreserds a Line in RY with nomal 7 =(4,b)

) ﬂ- 6,b ‘P\a are Coamgtomts Kt ave wot ol 2£70, then
on g of the form act¥yfcz +d =0 —@
repeserds o hlave in Rab-’iﬂmhmﬂ.ap R=(a,b,c).




ORTHOGONAL. PROJECTIONS - 4, many apblicabons , it is necessany hb‘dmmbaa, a

vectst ¥ indo o sum 01’ 8D rmA |, one term Dei
Nch-22v0 Vecksr Q oasl B obay tevm beina o
Yor exam

a Auﬂ.umpk!]::ﬂz Jf-aS]aea'Fd
b 7. ,
,ff-a anol § are veckrs in R thak QRWMMMMV

iniial poinks. cancide ok o poink (0, hon 1ve. con create Auch a decmprsitin s dlass(See )

# Dreb a ladrohdauin'r'fm m.ﬁ}:cr’-ff tp Hha Line Hoough & .
* Comabnct e vecky W, fom @ o m{m#mky}mhr-

* Cmabuck B vechy W, = U-W, .

‘q’l'ﬁ’; W
)

J

P
i
/ :L',
|
1
Yoo - - .

% € w % o«

©) (W) K (_?:'i) . | (W) ©
F. In bk (i) Hough (v), U= W,+ﬁ;:t~£¢c?~hﬁ]>mm 108 ad T, i's
Ctfhagonal o 3
Shee WA, = B +G-w) = T )
m'ﬁmdumkacsed_ﬂhb&mmof-h;om chrs,ﬂ&ﬁnkixlmbdr@

awa&}»ﬂa df-'a’ awal MMMYLBWW 3.

NWW Hhouss Fhat ﬁ..-?:mbwmq veardis , wlac we Watvated

\uina veclvs in R, a ad well n S
WEoREM (Prarect.on THEREM )

‘ff_q omdl & e veckms in R", and :‘I‘ 843, T kaa}armseo\ in

uarﬁ«jm&\lj

in Xhe Jorm *Gz?lwﬁ,,,wﬁoeﬁ‘fsabmﬂdwuﬁsﬁ}iz of T awa W, is w&wb? ;
NOTE  The mbrﬁ.tcdﬂ«dﬁ:.@vﬁwamwl?mﬁuh'mo}ﬁ MR or semetimea

B Vector Cum}mmu.k 74 B ond
aval the vector W, ! alma " cmmij
deneted by ?‘,Muu

dudled by Hha symind o
B_C:Mo.dﬂa.mhwa‘!-'ﬁ &Wb? amd T3 commandy

We b (ST0T [veim oot 4T oy ]

ngn>

\5

Rz B- poy __-q_(ﬁ-z Vi ke gt ¥ Oregpnd o7




2, whoe U= (271,3) ad B=(4,-1,2).
G=(@-,3) ad B=(4,-1,2)
Wh = @) +EnE+ @I
=I5
W= (@ e+ )
= 2)

Mﬂmwgbrww o"- aﬂmﬂ & 1S
?“’(]E :(llall)q

- - 5 i |
— _i'_.("l; ‘,2) = -?—?'-(11, 1,1) -,;,(2"_;.,- P D)
W the Nechr cmboneud of T ortamonal +o & is

G- ]m’&at\' = (2,-1,3) —-(33 e é;' , 12

g«ws_&lr,iﬁﬂ*wwcr% by d wd S ver nnpora 4 1

?.
(% 0§ 5 8) (o3 D)
DIE . As a check, e may verify Huk +he veckns Tbrf @ and & da
%M"QMMMWXM “P"’&a "“‘*""F"‘A‘ Y

NOTE NeRM oF VECTOR compoNENT oF T allmg 3 ) —

Pl =Jj( 22 )z

d
(El

\ual ||'q'”

NEEE

I1al)

& doodes the angle deboeers T AZ . Hen T = 1T 1R)] coso

-0 O Gom be Lvithw an Py R[| = VG fep] — ©
A Jeamehic mh:]bvehhm o‘fﬂﬁwx a"‘*u‘\“ F'a

e
R S S

10| eep |
) ose<A
pR

—
—

NN

1]

)13 cost a

(W) §_<\95K .
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THEOREM OF PYTHAGORAS IN R

HUowdVare O‘cﬁcawwf Vectors fn R with Euchidleas ihm}rrﬂductfﬂ\m

WGV = W8 e >

Examble  Vedy the Tiorem o Tothagonea for Hhe vectrs Tz (2,3,,4) & V=(1,2,0,-1)
Solu. Hoe BV = ca)(n+(22(2) + (e +@)E) =0
NGn*= ) (3)L+U)L+ Ww" =36

®©
NN = W7 @ 4@+ () = ¢ —_—5
BV = 241, 392, 170, 4-))
= (<1,5,1,3)
Y \l_ﬂ-t-'\’/lllz L—-\)‘"q» (S)‘"-‘- U)L-r (3)1'-:— 36 — &

from O, 20 we Rane

RV TSR Ty e

HEREM (1) $n R, Hee diskasce D debroeos, Hee boind P, (t,4) ol Une an+b+C=0 is
Gven by D= _|%%tdy,+c]

[av b
the beink T (,,2.) ord plave antlsy+cz +d=0

1) dn &, B diStance D beden.

B gven by D = ety rcz v
Jq-i-.b"-»-c’“
Eﬂ&: Find B diskonce. D betreon e }:n‘mt (L=4,-3) gud Ha qur. W-3Y4+62=-],
<alu.

Selu. ﬁnkumihmqk.c{-h@!nﬂw ad
2X-3Y+ 6z %) = O
i'rwn which we oblein
foa |2 +Ee2)Fa) + 62y + 1|
J@OF 3 (e
= 13l _ 3

—

E o Fa




SEC(3:4) THE GEOMETRY OF LINEAR SYSTEMS -

hms&cﬁm,mwmuae_\mnm}ﬂt avd vector vubhods 1o shudy a.uwafwhm
dj’. Linear equatims -
VECTOR AND PARAMATRIC EQUATIONS OF LINES IN R awdl Rs
THECREM © vk L be the Line in R* or R Haak compisis Hee point X, ardl is barallel to
the nom-zoo vector V. Then B egu. af He ling ﬁwugﬂ X, Kok TSP‘IW«M&Q o Vs

—_ —
X= X, +tV — 0
=2 - ;
i xo:oJM'U"-LM}’M ﬂdou.gﬂﬂ-.z_dﬂam sl ﬂse%'fmaﬂw‘ﬁvm
X =tV A 33
whve He )n'fqmdu t veriea v-s-nm -0 to 00 . Y Z
2 L-
Proct - Wk L is khe Line dhat containa H-c_‘wmt_)"(, and v
is};o:ra.!ﬂc.[’.tpV.}}'X\‘sq&wd‘[ao&akohaucﬁaﬂm, v
thae ay (uabrated in ﬁ'acb,t\u.vedw XX, will Le - > X
seme. ncallar mudbple of V| Ay
}"}’oitv

o equiveledly =RV
As K vayialle % (callles! )ma“‘ld'-”) er'b%‘smﬂ -0 to ao,‘\h-\k&ht X traces ok Hao Lme L.
VECTOR AND PARAMETRIC EQUATIONS OF PLANES IN R

THEOREM : ek W ke Hhe plane in R® Bk condiins ta boinct X, el 15 Jorvalled b e
ron-ccllineay veckvs Vi & V. Theu an g of M plane Hoougl X, ond pavallel to Y, &V, is

2= R+ BV + L-,_—\_/’,_ —0

3 ?a:B,ﬁu«m\aMMﬂ\mgLﬂ.Lcﬁam m.‘alme%.'ﬁuﬂt%
- =1
X= b+ 4V, SOSN—

Proot L ws B blase Bk coning e ot % and
s pavallel ko Hee vom-collinear vectors ¥ 2 ¥, .
P aboon in s i), i S amy boink in ke Bake , Hu
bjfmwhﬂmdkahﬂzwrmhww*ﬁ&ﬁ,m
tptktzq,umhmqﬁny woikde
oliﬂ-gma.q 3’(—32, aval ap!aacui Mdea tﬁ’/‘ & t,_v,_ T |, Le -
X = BV +

or e’d“‘“"‘!""ﬂj: ?1%-&--&&'\-&-@_\1

As B varinbles b andl 1, (called havewmehers) vary indepesdently Srom ~o> B 0,
ﬁ.,‘ﬁu}’vmimwﬁa.ewnﬁwn_\»l.
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Motivaled by e forma ot formulas @ to @, we com exteidl e rokima of Line
oand plane to R by wtkm.a -&Lj’aﬂap..ama definibons —
Definibon® 4 R, and V e vectmrs R and i V IS Wnzend, Thow e €55,
X =Ko+ tV ®
dz{im:ﬁw.ﬂneﬂawgk'ioﬁmk?s\maﬂﬁd o V. -
B special e \dwe K= B, Hhe dine 15 anidl o par Kongl the origin.
Dedmibion @ g1 %, sl Vi ave vechns im R avd T ¥ &V, ove nak callinedr, K
Te egu. X= 5(.’,_.,+t.q+t,_-\-f’,_ — &
defines Hhe plane Haogh X, tat is };qmﬂeﬁ o V) 2V, .
P e shecial cane whave =3, Ao plae ia Anidl bo pas togh L origin..
NOTE. - Equatons @ & @ ove called \édorFofMaf-a.Qjmmd}:MinR.&}-'ﬂw
Vecks in M%Ma&e&w inhrmof-'ﬂdwcm%ﬂuhahdﬁu-wvuug
on each mde ore wa,mmmdﬁrﬁwmdu Faametnic
Equations of B Line amdl \:)ﬂahe.
Exqm&@ (Vecky amol Rammelric Eqpakions of Lings in R adl @3)
() Finel a vector equation ondl beramehic. eguations of- e line in R that paraes Harougl,
Ha origin omd i \;qnﬂd b Ke veclr V= (-2,3).
) fird o veckor gy andl Joamsdric. Spatima of He ling in & that panes gl the
Poink 750,2,-3) and 1% bovallel ko Khe vechw V= (4,-5,1).
(i) be Hhe vecksr egu. oklmned in tn?k(ﬁ) tmf(vd M‘?oihtmﬂimklalaw. d:ﬂtmd‘fﬂ"' B
Sehubsion (i) Ty vacor egp of o Line purig Brough erigin 5 R=4V  — 0
Y e Lt _X"—'(‘",a) in RL%m egh (D Com e e:d;wmed n mbrfwm oA
(0Y) = k(-2,3) —— @  (Vechor Egpu. of Mo dine)
= (v9) = (21,3x)

E%“*—""-a comesb. Can*bhu.b; X=-2k ,Y4=13k ( prramefric equ. of He veguired dine )
(1) The vector esp.. of the F—v’mkgm{no Kurough Ha \an'w{ X and parallel ke vechr V i3
O]

a:!\&w\ by ?(1?.4—[‘-\-/’ —_—
e Lk X=Gon,2)in R arel if we dake Ro= (1,23) , Y, e can be
exfrened in vector frm s 2= (L2-3) + b (4,-5,1) —— @ (Vechr &)

= (wax, 2-sk, —3+4) @
E‘W"*’“@ comesp Compmants , %= )4gk,y=ask , 2=-3+k (Pmmdﬂ'c e of reguired fad
() A ok on He Line. vepreseuted by equ-@) can be. clined by aubshiiding a shecific
ywmencal v foy't.)-h.my,/sl'hcz t=o0 mm 9,2 = (1,2,-3) wlecl i %ta’iihfsti'm
value o‘]- x oleea hat Herve aur burhese .]E‘dh.{ t=) ]mvhmﬂaw (S)-3,-2) and tnkna t= -~ peduas
Ba bt €37,-4) . Awy eHar diskingt valies for £ (except £=0)1mdd Lok guak ap Loell.
9




R
Excmplle @ (\kdvr owol Powaynelvic. Egp- 01‘ a Plane in R)
ﬁvdmbvaudwam&ncwoi.m{:hu X-Yt+a2 =S - |
Salu: e sl find —.th.t:ummdwcewdam-g.nk \»Je_moloiddx!sﬂmﬁwhakhesw
for g ome of Ha vaviabled in korma of K ollar 1o oud Hhew using Hose o variahles
a pavamelers. memblz,mﬂmnﬂ%@vw:%-ﬁw X 'm:kum:af 4 az yelda

AT S4Y-32 ©
Gmal Hun ubmd Yydz an ‘;a.'raYndUs i‘.,‘?\k,_nﬂlaﬂ-ﬁ"!bj» welda
K= S4k -2k,

s, \anmm.d-nt et are W= S+ k-24, wek) 22k
o ohtain a vecloy eqp. o-f- e Pﬂaun.z,we. vewrile theae ‘:ammdﬁc. epabions as
(‘h‘j,Z) = (S""‘.l:t" zk‘z_; Jt|, t;_)

= (S+4-2k, , ovidror, ookt £,)

= 8(5,0,0) + £,(1,1,0) + £,(-2,0,1) —— @
ik A of‘_bt-ﬂ-\&d‘wfuym _i:?o'?“ti-\;]""t;.vz.
hﬂf’%@ (Ve-"-‘{"’f enal Raemetric Eq. o'I- Lined and Plonea in R")
B Fimal Veckor avd paomelric egpabions of- the line Bl Hhe origin of K thak is parallel
ko X veckr V= (s,-3,6,)) . 5
) Find veckor anol pammetric. eqpations of K plane in R Hat barses Mamgl. kha point
Xo=(2,,0,3) asal i porallel £ boHe V)= (1,5,2,~4) awol V, =(0.7,-8,€) .
_S_"""‘L_‘ () 4 we Lt 'S’cr-ﬁ.,xz,xs,x,_,))—im the vector egh.. af_-\uliu ‘wsm-a Hoeugl,
Origin and parllel 4o T is gven by X=tV
' i\"-.‘) (M\?“zv‘)'_\;’(q) i (5;"3; 6,| )
&W% C"““M"a C-DM‘%«M& yielda Ko {m'qmz(w‘c_ shakions aa
MESk % =3k ,w= 6k, %2k
(1) T vecker eqp. of Ha Bane pasoing Hammgl, K bk B, cnal prralled ko ¥ AV, 15
-;“1—)2°+t1\7|+t,_vz. — O
“ we. lbl‘ ; :-(]'))&.,“_3,)(") ih R" &\ﬂﬂ' rf- Loe b.kﬂ_ i:(’.,-';o:});ﬂw %‘®
G te exprexed ap

=)

(1% %y, %)= (271,0,3) + £ (1,5,2,-4) 4 £6.7,8,¢)

(Xn?z,xs,)q,) = (2,-\,0:3;)-0'('!:‘,5}:',1!:,,*Qk,)-}-(O,‘f-tu“&k,_,ét,_)

= (Xux,_: X_s,)(g_’) - (1""*] 3™\ +S*l ":"'*2. ] lkl—S*L' 3~4k\+ éi_).)
EMY@ cm‘m}a Cm‘awwd:s gcﬂda te PZ'MWMC eﬁ}"‘dd% o
My = 24k
¥ 2 =1 +Sh 7L
Xy = 24-8t

Wy = 3-4h+64 20




LINES THROUGH TWo PAINTS IN R
H Fo amal X, ave distinct peint in R™, thewe Hee Line determined by thase ponks 1s parallel
tp B vecksy 3=?,-¥°mﬁmﬂumhmhmdinwdwfmm . %
3’(:’7@-&-1:(51;—5&,) === /
o oepiwledly as 3R 4w, ——0 %
These ave called kv-peink Vechy eguations afq Line i Rh'
Cuamble (A Line Hororgh b peivds i R)
find Vecky on—»;l baramelric egh. -Fw e line in RLde!: M&» ﬂm:a{ P»d‘s Plo,P ond &(s,0).
SA&.HM: The Vechor egl. of' a Line Mna'\’kmg{ o0 Pﬁrﬂs }.,Q-X,, s aMu-vs
X =R+ k(%= ) ©
o we lb X204 in R andl # we toke Koz (@.2) & %) = (S,0), ik fallous
X=X = (S,-72) awnd heice
(h4) = (0,3) + £(s,-p) ® (Vechr Exu. of Line )
= (o+st, 7-34)
ﬁwnﬂ WP CMF'MMS Yields Hhe quqmn,bic. esuakions ay
A2 sk, Y=F-ph (Pavamehric. g of fine )
LINE SEGMENT JOINENG The POENTS .
H Xo aval ¥, wre vechns m Q" Kot Hhr e
x= R (X=X,

o< tg| —O0
dzﬁmmﬁineéeaanw-fnm?ob'i,.
Wheu Cm»iud,&:v,,@cmclm_mnbh« aa
‘S}’:U..xoi’o_rt?, , o0 sts| &
%Eb% Find Ha egu . of Rine Apmant n R from X=(,-3) 4o K= (s,¢).

oM. T&exp-e}hmw;‘sgmlrg
X Xor t (3)-X, ) o< tx|

Hoe % =(,-3) > X 2(S,6) Ao Hak X=X, = (s-

Hz«caﬁ:e%.o{-ﬂimmdm&fs

X= (Lb=3) +t(4,9).

 6+3) = (4,9)




Sec(3s) cRess PRODUCT

| CROSS PRODUCT of VECTORS — 4n Sec @D, we defined the dok preduct of ’“"f’u
veckovs U awel V in h-s}x:ce-Tth Sheyahon \leuced“ Scalar as itm“ﬁ'wem.
nowr olefine a tube of veckor muﬂ,b}:ﬂaca.t:w-ﬁuk broducea a Veckor as Khe vesult buk hick,
is aH;ﬁ-tCaLﬂz enly ko vectors in 3-shace .
Defimition © o U= (U,U,Us) amd V= (MW,Va) are vectors 3-shace , Theu the
Crovs Preduck UxV is the veckor dlefined by
UxV = (“:."3"“3\6. » W) -u\y “\Vz."“;"l)
or , im debymunant nakakiow

w- (%114 5

W u, S

NOTE.  dnakead of”mrizinam,mmownmm’pmubofnxvu%h‘
* Porm de 2x3 madix [Ln Uy Uy

" v ] ¢ Wlese gt s condaina K comoneats of T
el secoral vour codping e compmaicts of V.
* %Wmfd@w%axc,mmﬁmm&mmwwhmmw;
o find MMWM,M&M&WqMWW%mMW*J
aral 1o final Hie Mird compment , olelole. the Keird columse aud toke Hee doberminant

Examble ) find TxV , Whave W = ,2,72) end V= (3,0,1),

e v () hy) s
s (m(z)-o » =(+6) (o-6))
= (2,-7,-6)

(i WExP) =0 ('va s Ot{‘lxoaohn-p U )
M V.(GxV) =0 (OxV is Orl‘Loaamﬁ o V)

G BV = W = (.3 (Logrange’s Tlokly )

(M Gx(VxW) = QWY -@B.H T (Relakimalip behsean Grsa onel Dok Product )
M) CxIH)xW = @)V -G

L




Exarple® (UxV i Popodicdst Jo U s f2 V)

Conaicley B Vectos 3:(\,2,-1) awdl V=(3,0,1)

Nowr  UxV = (2,-7,-€) , as Akasw m E::uam}il-@
Snce W.(UxV) = (D@ +@)EE) +(=2)(=6)
= 2~l14+4)2 =0
adl V.(AxV) = @) + @ER +He)

= &+0-§ = 0O
S uxV s Ot-&aaom] o bath B awd V .
THEOREM ! (Probeykies of Gross Produck)

ﬁ-l?,_\jnhdﬁ ave. any Vectos in 3—S!>0££ MJFBW\E\MM;M
B TxV= -Qx)

1) BxE+W) = UxV+ Ux
0D (Q+U)AW = UxW + ¥V
(v k(GxV) = (KOx

—’
(W) Ux38 = Bxu =

W
-
X W

-’

V= axkW)
?
W) uxu = B

Example @ (Stanclardl Unik Veckors)

Considor Yo vechrs  1=(1,0,0), 12,0, Ak=(°:°: Y

Qm,ntkl andl Lie aﬂﬂhﬂ *he
coordanate axes (Su. Fi'a@ Ty ave called Sindare Uik
Vectors i 3-shace .

— . ; i : A :
Every vector V= (M, VasVa) n 3-shace is u.\:vm&n& m terms of ?-:!j QK Aince
Wwe cauy Lovle —
VaMViVa) = v, (1,0,0) +V, (0:1,0) +V,(2,0,1)

A A A
= V, l-\-vza +V k

RIRIENET o]
= (0,0,1) = k

We Ahaulel fooe no 4 . . .
a e R chehay S Btz
LXL‘:? dxdz_?\

o
L
kxk=0 J}K
y ~N b
ixf =k ixk =L k=) A
A2 A N oA o A K TR
dxv =-k kxy = -1 Lxk ==

Fig(iiy s Telphul -{-vrmu\),ui Bure yeaulis. &ﬁ.ﬂin.a to this diagram , The Cross ‘arvvhad-‘ Gf?
b-’ocmaewti»ewcbn‘adma clockinse s B next Vector avewnd cwlth.cm‘mdwl:of-h-'o
Consecuhive Vectors aama Md“,._m \‘s-Bu,hl_a..h'w. o the next veclor ayaune .

o




DETERMENANT FoRM OF CRoss PREDUCT
4t is adse worbnek

Bk a LY%WW&@MW@%MNW
A A a
qxv= |- d k , ke U= (U),u,4,) J\;/’-_-.(v,,v,_,\/&)
L\| Lla_ l‘l3
VM W
uz."i_-s)-\__w Uq | W, Y,
Va- V;s.L ) v3&+\y: v,_k —0Q
FofexanZ, )'I; _G:(hz,-z.) amnol _\71(3,0,1) Heend
g Pk
uUuxyv —
| 2 -2
% o \
= ¥ =l LR N
S R R NI F IR N
A
= (':_-0)?, --(!+6Jld\ +(0-6)k
= 2{:,—1-3 —6?< = (2,-'7,-'6)
which agrees witl, Koo reault ohknesd n Exqwn]aaaiD
NoTE ! ﬁt?s hﬂtm,\r\&)&uﬂl:ﬂ\ﬂk ax@xa):(ux?))\—,
erexqu.e, AN A § =
L"(d"d) = LxXo= 5
A A A N\
sl (Lxd)xg - lxd = -1
Thaa

AN A AnA "
1x(dxd)qf;(lxd)xd
ELWW UxY s O fo bath T awd V. 4 Tand V are nom-zers
Veckors , ik cam be shoom thak e directon ol Tx be dusrmined waing the Jallos
“ﬂs&k'ﬁu‘dmﬂg_, L o‘f- XV Con 4}] h-a h.a
o fﬁhﬂw%m U ard V, aned Auppose T 1S vokaled tlwo\-%ﬂw.m'\d&_Q
:LM| @lmdeAmH«VJfﬂw-ﬁngmuaPng&iwmu\HndMMﬂw tn'nl’ih‘kka_
o ot vokakion, theu the. Luonb indlicaten borghliy) o divecion o UxV.
Yeu maiy find ik abuckive ko frachice s vule with Ha preducts

NOTE

T S A A A N A
=k, k=i, =)

a '




GEOMETRIC INTERPRETATION OF CROSS PRODET
f 0 ad V are veclors in 3-shace , Yhen Khe Nom o TxV has qu,u-}damrmin'c
mier‘m.kuhm \-Dg‘mrgz’s id.wh'b, Ahil: “kim:i‘q _
NBxIN" = ndp W = (2.V) — @
# 6 oowotes the w%ﬂa;wm QU aud V
How RV = N3 V)| cons
A0 O tanle yerritkeym aa

Y

— —
NGxIN = 0RO = WV s

= N8I (1~ ca)
NTxSN"= nan \wn® Sin &
Sne 0sOxA, L f‘ﬂ!@v-nﬂmt SN 2.0 A0 TS Gow e veoriten aa
NOXV)) = {1 1V sine
But IVNSing s Ba alliude of parellelorram dornined sy

-.

G mel V (See F9.). T
the Avea A-a{-kl«@{mdwﬁmm IS gven by
A = (base) (alkikule )
= &I WViisme
A = NuxV| -")@,Wﬁh-a ®
_’msr\:.,duﬂi IS even covreck qi'dml‘\} are collinesy , Aince t{,.,_})qnﬂﬂajaamm cetermdned by
Uanl V fioa zes Avea ou @ we have NUxVi= 0, beguae 6= 0 n Hay ap .
THEOREM (A'readf-a ?mnﬂﬂaanm) — B Uand V are vectrs in 3-shace , Yhen
AV s equal 4o the aren of o parallelogram debemwined by % avd V
Brxamble @ (Avea of a Wangle )
Find e Avea of o driangle clokernined by -He Pt P @,2,0), R(-1,0,2) awl Py(o,4,3)
Selu. g vat--biu\nﬁb. s L e oveq oHDWn);Maavm determaned by F‘,?,_ awol _F’T']a"’_.s _
e PR (12,02, 2m0) = (c3,-2,0)
P-Tﬁ: (°"2,4-2 » 3=D) = (—-2,2,3)

" ﬁ;x—ﬁ_f”s =<‘-z 1\1“—3 l\’\ﬁ -l,)

:((‘6"4): = (-9+¢4) | (—-6-—4))
= (—'10, S, -lo)

SPRxPR|| = JE© () Clo)t = Jms = ¢

o Pvea of biangle , A = é@m%}mﬂdﬂmmj = é\lﬁlxﬁ:‘u g =

2

1

75




SCALAR TRIPLE PRODIET _ 4 T,V & W ove vechrs in a-space , theu

WEXxR) s called Be Scalay Wible Prduct 4-1157 &-‘:‘ '
The Scabar Wiple Produck of Waliyty b3) , V= %0v2 ) avdl W= (Wl Wa) gan be

calwfaked ‘frvm m-ﬁnwu& u, b, u,
CHCETS IS AV RV
N| W, Wa

NoTE . The Aymbal (U, V)X R majes MO pemse becanse w_cuuw.t-jom-tko. cxm}nedu_l-
a Acalar (;.-,-,G.V) amdl o Vector. Thug, o qmj,,'a,,,‘[a arSes it we wrke T, Vx W salder Bau
U VxR Haverer, Jor clarily , we 1ol wanally feeep Tl barestheres
& folbros from@® that
Ti.@’x&") = 'ﬁa.(’dx?;) _—_"\’:.('\hxﬁ)

MNL#MFA&M&\-@WM By movi

’n.a the vectors P
U,V amel W clxhurise avounal Hhe verhicea o hr_h\'om.aﬂ:_ n F’a. /\

GEOMETRIC INTERPRETATLON of DETERMINANTS
The viext Huoren larm'olu & uaeful geomelric iwherprelnbion of 2x2 awd 3x3 olekermunanks
TREOREM (> mqhmbhwﬂuga}mMnﬁmnt d:kt‘\,“ L{;j s eq),...Dtoike.
Frvea of ponallebmm in 2-shace dlabermined by He vectors T = (U,u,) odl V= (Vv |
(1) The cbselide value of khe datemrinaut ik r' e “3]

a

— O

Vi vy oV

\4\ W, W
\sevm.ﬂ o He ve ,fm}mﬂua};]ml n 3-shace detumined by the vecters
U= (Ul,Uy) , Vaf W=
u 124 ‘5) > V= V}:V;;V3> th N—(Np“)_;ws)‘

. - -
THEOREM . & e veclors U= (u),u,,uyy, V=V Vi, Va)  ane W:(w,,wa,u,,) Pave aame bl },0,',\1:)
ﬂmﬁbjbemﬂsam};hm,‘[qumﬁ.jq— WExT) =0 G, |w o ous
i\ VY, Va
Wi oW, Wy
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